In this paper, similar to the extension from intuitionistic fuzzy numbers (IFNs) to neutrosophic numbers (NNs), we propose the normal neutrosophic numbers (NNNs) based on the normal intuitionistic fuzzy numbers (NIFNs) to handle the incompleteness, indeterminacy and inconsistency of the evaluation information. In addition, because Heronian mean (HM) operators can consider capture the correlations of the aggregated arguments, we further extend the HM operator to deal with the NNNs, and propose some new HM operators and apply them to solve the multiple attribute group decision making (MAGDM) problems. Firstly, we briefly introduce the definition, the operational laws, the properties, the score function, and the accuracy function of the NNNs. Secondly, some Heronian mean (HM) operators are introduced, such as generalized Heronian mean (GHM) operator, generalized weighted Heronian mean (GWHM) operator, improved generalized weighted Heronian mean (IGWHM) operator, generalized geometric Heronian mean (GGHM) operator, improved generalized geometric Heronian mean (IGGHM) operator, and improved generalized geometric weighted Heronian mean (IGGWHM) operator. Moreover, we propose the normal neutrosophic number improved generalized weighted Heronian mean (NNNIGWHM) operator and normal neutrosophic number improved generalized geometric weighted Heronian mean (NNNIGGWHM) operator, and discuss their properties and some special cases. Furthermore, we
Introduction
Multiple attribute decision making (MADM) or Multiple attribute group decision making (MAGDM) have the wide applications in many fields such as economy, politics, management, and so on. Because the evaluation information usually has the properties of incompleteness, indeterminacy and inconsistency in real decision making, it's not suitable to express the evaluation values by the real numbers in same situations. Compared to the real numbers, fuzzy numbers can be more appropriate to express these evaluation values. Zadeh [1] firstly proposed the fuzzy set (FS) theory which only has a membership function to process the fuzzy information. Base on this, Atanassov [2] further proposed the intuitionistic fuzzy set (IFS) which has the non-membership function (or can be called falsity-membership) and the membership function (or can be called truth-membership). So the most obvious difference between IFS and FS is that whether it has the non-membership function. Obviously, IFS can process the incomplete information in multiple attribute decision making or the multiple 2 attribute group decision making (MAGDM), but it cannot process the indeterminate information and inconsistent information. The reason is that the hesitation degree (or can be called indeterminacy -membership) has been neglected. So, Smarandache [3] added an independent indeterminacy -membership function to IFS and further proposed the neutrosophic set (NS). In other words, the neutrosophic set (NS) is made up of truth-membership, falsity-membership and indeterminacy-membership. We can find IFS is the special case of NS in which the three parts are completely independent. NS has attracted more and more attention. Wang et al. [4, 5] proposed a single valued neutrosophic set (SVNS) and further proposed the interval neutrosophic set (INS) in which the truth-membership, indeterminacy-membership, and false-membership were expressed by interval numbers. In addition, the normal distribution, which widely existed in the natural phenomena or social phenomena, has been widely applied in many fields. To this day, the research about the normal distribution is limited. Yang and Ko [6] firstly proposed the normal fuzzy numbers (NFNs) which was used to describe the normal distribution phenomena. Wang and Li [7] further proposed the normal intuitionistic fuzzy numbers (NIFNs), and their corresponding operations, the score function, the comparative method and so on. But neither NS nor INS considers the normal distribution. So similar to the extension from IFS to NS, it is very necessary to combine the normal distribution with the NS and to define a new concept which can describe this type of information i.e., we can give the definition of the normal neutrosophic set (INS) and the relative theorems in this paper.
The information aggregation operators have attracted more and more attention [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , and they have become a hot research topic. Heronian mean (HM) operator is an important aggregation operator which can be used to capture the correlations of the aggregated arguments. Beliakov [8] firstly proved that Heronian mean was an aggregation operator. It is a pity that Beliakov didn't do further researches the HM operator. Based on this, Skora [9, 10] further proposed the generalized Heronian means(GHM) operator, and discussed the generalized arithmetic Heronian mean (GAHM)operator and generalized geometric Heronian mean(GGHM) operator. Yu and Wu [11] further proposed generalized interval-valued intuitionistic fuzzy Heronian mean (GIVIFHM) operator and generalized interval-valued intuitionistic fuzzy weighted Heronian mean (GIVIFWHM) operator, which is an extension from crisp numbers to interval intuitionistic fuzzy numbers. Yu [12] proposed some intuitionistic fuzzy aggregation operators based on HM, including the intuitionistic fuzzy geometric Heronian mean (IFGHM) operator and the intuitionistic fuzzy geometric weighed Heronian mean (IFGWHM) operator. At the same time, Yu [12] further discussed the relative theorems and found that IFGWHM operator has not reducibility and idempotency. Obviously, there is not the research on the HM operators for the normal neutrosophic numbers. Liu et al. [20] proposed some intuitionistic uncertain linguistic Heronian mean operators and applied them to multiple attribute group decision making, and developed the decision-making method based on these operators. Chen and Liu [21] proposed the intuitionistic trapezoidal fuzzy general Heronian OWA operator, and the multi-attribute decision-making approach based on this operator.
Normal neutrosophic number (NNN) is produced by combining the normal fuzzy number and the neutrosophic number, so it is a generalization of FS, IFS, NS, NFN, and so on, and it not only can handle incompleteness, indeterminacy and inconsistency of evaluation information but also can handle the information of normal distribution. Obviously, it can provide an easier way to express the uncertain information. In addition, Heronian mean (HM) operator can capture the correlations of the aggregated arguments. However, the traditional HM operator can only process the crisp number and not NNNs, So, it is very necessary to extend HM operator to process the information with NNNs. In this paper, we 3 will propose some normal neutrosophic number Heronian mean (NNNHM) operators, including the normal neutrosophic number improved generalized weighted Heronian mean (NNNIGWHM) operator and the normal neutrosophic number improved generalized geometric weighted Heronian mean (NNNIGGWHM) operator, and then we will apply them to MAGDM problems.
In order to achieve this goal, the remainder of this paper is shown as follows. In section 2, we briefly introduce the basic concepts, the operation rules and the relevant characteristics of NNNs and some Heronian mean operators and their properties, including generalized Heronian mean(GHM) operator, generalized geometric Heronian mean(GGHM) operator and generalized improved Heronian mean(GIHM) operator. In section 3, we propose the normal neutrosophic numbers improved generalized weighted Heronian mean (NNNIGWHM) operator, the normal neutrosophic numbers improved generalized weighted geometric Heronian mean (NNNIGGWHM) operator. In section 4, the multiple attribute group decision making methods based on NNNIGWHM operator and NNNIGGWHM operators were proposed. In section 5, we give an numerical example to prove the function of the proposed method.
Preliminaries

The normal intuitionistic fuzzy set and the neutrosophic set
Definition 1 [22] . Let X be a real number set. A denoted as ) ,
is an normal fuzzy number (NFN) when its membership function is expressed as :
The set of all normal fuzzy numbers is denoted as Ñ .
Definition 2 [23, 24] . Let X be an ordinary finite non-empty set and N a) ,
is a normal intuitionistic fuzzy number (NIFN) if its membership function satisfies:
and its non-membership function satisfies:
, the NIFN will be a NFN. Compared to NFN, NIFN adds the non-membership function that expresses the degree of alternatives not belonging to ) ,
expresses the degree of hesitance.
Definition 3 [3] . Let X be a universe of discourse, with a generic element in X denoted by x. A There is no restriction on the sum of ()
The neutrosophic set was difficult to apply to real life because it was proposed from philosophical point of view. So Wang et al. [4] further narrow it to the single valued neutrosophic set (SVNS) from scientific or engineering point of view. Obviously, SVNS is a generalization of classical set, fuzzy set, intuitionistic fuzzy set and paraconsistent sets etc., and it was defined as follows.
Definition 4 [4] . Let X be a universe of discourse, with a generic element in X denoted by x. A 
The normal neutrosophic set
Because the neutrosophic number can provide the independent indeterminacy-membership function, and it is a generalization of fuzzy set, intuitionistic fuzzy set and paraconsistent sets etc. Motived by the normal intuitionistic fuzzy number which is produced by combining the normal fuzzy number and intuitionistic fuzzy number, we will propose the normal neutrosophic number by combining the normal fuzzy number and neutrosophic number, which will be a generalization of the normal intuitionistic fuzzy number. We can give the definition of the neutrosophic number as follows.
Definition 5. Let X be a universe of discourse, with a generic element in X denoted by x, 
Proof.
(1) The formula (11) is obviously right according to the operational rule (1) expressed by (7) .
(2) The formula (12) is obviously right according to the operational rule (2) expressed by (8) .
(3) For the left of formula (13), we have
and for the right of formula (13), we have  
So, we can get
,which completes the proof of formula (13) .
(4) For the left of formula (14) , we have 
 and for the right of the formula (15), we have
So, we can get the formula (15) is right.
(6) For the formula (16), we have  
,, aa a a a a aa
So, we can get the formula (16) is right.
In the following, we will give the comparative method for two NNNs. 
Generally speaking, for any two NNNs, it is difficult to meet the Definition 7, so we can give a new comparative method by extending the comparative method of INNs to NNNs..
be a NNN, and then its score function is
and its accuracy function is 
Heronian mean (HM) operator
Heronian mean (HM) operator can be regard as a useful tool which is used to catch the interrelations of the aggregated arguments [9, 25] and can be defined as follows.
Definition 10[9]. A HM operator of dimension n is a mapping HM:
]
So the HM operator is called the Heronian mean (HM) operator.
Definition11 [9, 25] . A GHM operator of dimension n is a mapping GHM :
where 0 ,  q p . So the q p GHM , operator is called the generalized Heronian mean (GHM) operator.
It is easy to prove that the GHM operator has the following properties [9, 25] .
Theorem 2. (Idempotency)
be two sets of the nonnegative numbers satisfying
Theorem 4. (Boundary)
The GHM operator satisfies:
Because the GHM operator didn't consider the weight of inputs, in the following, we will give the generalized weighted Heronian mean operator as follows. Definition 12 [25] .
then q p GWHM , operator is called the generalized weighted Heronian mean (GWHM) operator. However, the GWHM operator has not the idempotency, in order to overcome this deficiency, Liu [25] further proposed an improved generalized weighted Heronian mean (IGWHM) operator. Definition 13 [25] .
The q p IGWHM , operator is called the improved generalized weighted Heronian mean (IGWHM) operator.
It is easy to prove the q p IGWHM , operator has these properties [25] . 
In the following, we can analyze some special cases of the IGWHM operator (1) When
Further, when 
Further,
According to the above special cases, we can find that the parameters p and q don't have the interchangeability.
(3) When 1   q p , then   (33) 10 
The geometric Heronian mean (GHM) operator
Based on the generalized Heronian mean (GHM) operator, Yu [12] further proposed the generalized geometric Heronian mean (GGHM) operator. 
then q p GGHM , is called the generalized geometric Heronian mean (GGHM) operator. It is easy to prove the q p GGHM , operator has these properties [12] . 
The GGHM operator brought more attentions on the correlations of the aggregated arguments so that it also neglected the weights, which is similar to GHM operator. So based on this, Yu [12] further proposed the generalized geometric weighted Heronian mean (GGWHM) operator. , the value of p and q is not set to 0 at the same time.
q p GGWHM , operator is called the generalized geometric weighted Heronian mean (GGWHM) operator.
In order to overcome the counterintuitive of the q p GGWHM , operator, Yu [12] further proposed an improved generalized geometric weighted Heronian mean (IGGWHM) operator. , the value of p and q is not set to 0 at the same time. It is easy to prove the q p IGGWHM , operator has these properties [12] . Theorem 11 (Reducibility). 
In the following, we can analyze some special cases of the 12 
Some Heronian mean operators based on the normal neutrosophic numbers
In this section, we combine the IGWHM and IGGWHM operators with the normal neutrosophic numbers, and propose the normal neutrosophic number improved generalized weighted Heronian mean (NNNIGWHM) operator and the normal neutrosophic number improved generalized geometric weighted Heronian mean (NNNIGGWHM) operator.
The NNNIGWHM operator
be a set of the normal neutrosophic numbers. Proof.
Since 
In the following, we will discuss some special cases of the NNNIGGWHM operator in regard to the parameters p and q . ,then according to (53), we have 
